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ABSTRACT 


Fpr^some  vcritrs  in  the  field  of  mechanical 
Shock /have  W»  plarmd  v.'j  difficulties  -when  combining 
sets  Cl  shock  spectra  to  obtain  curves  which  aright  be  used 
for  design  purposes.  The  reason  far  this  trouble  is  the 
present  practice  cl  using  all  points  ca  all  the  available 
shock  spectra  when  caking  a  combinatorial  analysis*  A  few 
simple  examples  av.-kgd  whicn  shew  that 

such  an  approach  caiwci  jraid  the  proper  design  spectrum 
curve.  These  examples  demoostral?  that,  because  cl  inter¬ 
actions  with  nosrigtd  fc-andaiiccs,  tlie  values  os  iairrest  in 
a  shock  spectrumtenfi  to  lie  in  tbc  valleys  o' the  pick  raster 
than  upon  Sic  peaks,  ever  vhea  the  natural  frwemey  ci  Use 
foundation  coincides  with  a  natural  ire tniency  cf  the  system 
as  a  whole.  Thus  an  analysis  based  cn  the  envelope  cl  a  set 
of  spectra  is  not  valid,  since  the  high  values  determine  the 
envelope.^ 
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SHOCK  S7SCTXA  AND  OCSGSt  SHOCK  SPECTRA 


INTRO  DUCT1  OK 


KitoriolBid^roadl  . 

Far  »aay  years  crasser*  hive  msed  ‘shade  spectra*  as  as  aid  in  caderstandisg  the 
dxmagisg:  potential  c£  ixti.  and  as  a  tool  for  slref-s-cteciiog  a  structure  whose  founda- 
tico  was  subjected  to  the  axaitst  for  which  the  spectruni  was  fouad.  That  ia  to  say,  the 
abode  spectrum  gives  ia  cocracieax  srapMcal  ierra  the  maximum  respocse  cf  stegte-degree- 
ol-ireeiom  systems  to  the  applied  fotiadaUaft  raotioo. 

Ia  1943.  Biot  {1}  atreo^Xrd  to  clarity  the  then-presen’  thiniio;  asK»g  engineers  Inter¬ 
ested  ia  the  eTltda  ci  eertispsie  epea  lirje  structures  by  delinks  a  ^cantlty  callc-d  ‘effec¬ 
tive  accelcratsoa  ci  toe  csrtoecska  for  the  period  T."  This  helped  the  preteot-dny  concept 
of  esrihyjsie  Epectra  to  etsl««.  Soaetkr.2  later,  ta  15i$,  Tfelsi  £2d  Bid::  {S;  considered 
mechanical  shore  ssirg  the  csscse-t  of  earthworks  spectra,  xsd  the  result  tee  bees  gener¬ 
ally  called  shock  spectra.  Since  this  tigo  the  use  af  shock  spectra  has  spread,  and  many 
detritions  sed  tiseorier  tor  the  use  of  these  spectra  tare  arisen. 

Shock  ^ectraa  Defaatjoa 

Since  shod:  spectxms  is  a  ceres  which  various  astoots  latte  used  indifferent  ways  It 
is  ptrbrps  necessary  to  stois  erpiiciiiy  ltc  aesraK.7  or.  used  ia  this  report-  k  shock  cpec- 
bta  is  the  plot  ci  the  mrtorsar  skcolcto  valees  te  the  rcltoivw  furpisesiaarls  multiplied 
by  scalioj  factors  li  drsSrec.  c£  s.  sci  ci  effhsr  dsisssd  cr  cssc.-ta  stayc-fe^rce-of- 
ircfessa  csdlictors  vSk  cs^He  rszsn  which  bare  bees  sersectsd  to  a.  chock  la-xioa, 
fca  \zSsx3  be  la;  p5**** d  as  a  fsschha  cl  the  caiurai  fret-arscics  cl  tin  sizjpie  cscllla-cra. 
Tirt-e  crepts  esa  coastrrccrd'srlto  units  cf  cirpl3ca=sest,  velocity,  or  eosirricnl  st&Uc 
xcceiuraiiha  by  lit  .asses  cf  tor  scsHejj  factors;  s-aiiy,*, ,  or  --/s  respectively,  where  ;; 

U  tor  ssjulsr  irinpoinrr  c£  tor  c^ctlis.l&r. 

The  resssa  chock  cpsetra.  are  iesed  epoa  relative  dfsplacemsei  respc ssb  is  connected 
wiik  toclr  ultimate  css,  toe  crcerstouioa  cl  tie  stresses  or  strains  la  the  flexible  member* 
of  toe  5751510:  la  this  report,  erdarsped  shock  spectra  ia  velocity  caia  {relative  displace¬ 
ment  Uses  Ik?kkt  ia  nsss  per  sit  tore)  are  ssed. 

la  contrast-  a  desks  shock  spectrsra  to  a  nTn-l  cf  toe  Tallies  which  eoold  enable  aa 
artiyst  to  predict  toe  feressss.  rtc-,  la  a  ccctemplated  structure  tor  x  specific  type  of 
exciatloa  such  as  depth  charge  attack.  Tils  special  kind  cf  sprctrrzs  is  thee  a  mathe¬ 
matical  concept  rather  than  as  easily  measurable  quantity. 

■CoaKaUai  of  Shock  Spectra 

la  ils  1943  procr,  Brx  »rar.  The  envelope  of  toe  ^pretrom,  cr.  better  ilCl,  toe 
esvelcpe  of  a  collectics  cf  spectosa  curves,  obtained  at  toe  same  iocallcs^oostitutos  toe 
basic  racrtoclloa  for  ctarca  prrrvccJ.”  Dnfortssairiy  Hr.  Bfpt  was  tabsa  too  literally 
whea  bt  ideas  were  Ivcorporatod  teio  aaectaalral  ahodt  spectra.  ' 
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t,  NAVA l  XtStAtCH  UlOMtOIT 

Inherent  la  the  assumption  that  the  worst  possible  shock  that  a  class  of  structure  wilt 
ever  have  to  undergo  is  the  envelope  vl  all  possible  shock  spectra  for  that  type  of  lr-caiiue 
Is  the  following:  The  impedance  of  the  foundation  is  very  large  over  the  entire  frequency 
range,  and  the  structure  has  very  little  impedance  at  Its  1  condition  over  the  frequency 
range.  This  means  that  the  dynamic  reaction  of  the  structure  upon  its  foundation  is  unable 
to  alfect  the  motion  of  the  foundation,  and  Uat  slightly  dissimilar  structures  will  have  to 
respond  to  the  same  foundation  motion.  Of  course  this  assumption  is  obviously  sot  true, 
but  only  icccntly  has  it  been  explicitly  shown  (3)  that  the  effect  of  such  an  analysis  was 
very  greatly  In  error. 

In  a  set  cf  field  trials  data  was  collected  for  a  number  of  shocks  at  a  large  number  of 
different  points  in  submarines.  It  was  hoped  that  by  classifying  the  type  of  location,  type 
of  shock,  and  the  equipment  responding  to  those  shock s.  correlated  groups  could  be  formed 
which  would  enable  the  analyst  to  produce  a  series  ol  shock  spectra  which  would  be  useful 
In  design  (4).  It  was  decided  to  take  a  10-percent  chir.cc  on  failure  of  elastic  action.so 
that  all  the  available  shock  spectra  for  a  particular  class  of  location  and  shock  were  plot¬ 
ted  on  a  single  graph,  fly-speck  style,  and  a  SO -percent  fiducial  limit  drawn.  In  the  com¬ 
putation  of  stresses  which  would  be  caused  by  this  SO-percent  fiducial  limit  curve  it 
became  immediately  apparent  that  few  mild  steel  structures  would  survive  the  severe 
shod:  described  by  tilt  spectrum.  However,  the  structures  which  were  In  place  during  the 
field  trials  did  survive,  so  something  most  have  been  wrong  with  the  theory  of  combining 
these  shock  spectra. 

Purpose  ol  the  Examples 

The  problem  of  the  overconscrvaticn  cf  the  fiducial  limit  curves  was  investigated  (5) 
and  It  was  noticed  that  normal-mode  theory  only  requires  the  shock  spectrum  values  at 
fixed-base  natural  frequencies*  of  the  structure  in  place  daring  the  shack  motion,  to 
cinpatr  stresses.  An  examination  of  individual  shock  spectra  hi  this  regard  showed 
large  vhU-vs  in  the  region  ol  these  fixed-base  frequencies.  The  further  study  ol  this 
phenomenon  ted  to  experimental  and  theoretical  studies  to  examine  this  problem.  This 
report  discusses  a  few  simple  theoretical  examples  to  acquaint  tic  reader  with  the  problem. 

Consider  the  problem  of  trying  to  formulate  a  design  shock  spectrum.  Theoretically 
the  only  values  cf  a  measured  shock  spectrum  which  are  valid  for  dynamic  response  cal¬ 
culations  are  those  which  correspond  to  the  fixed-base  natural  frequencies  cf  the  structure 
•which  was  in  place  daring  the  shock  motion.  Li  contrast  a  design  shock  spectra  aheuld 
allow  an  analyst  to  design-check  a  contemplated  structure  which  has  never  been  subjected 
to  a  shock  and  for  which  r.o  measured  shock  spectrum  exists.  It  would  seem  that  the  first 
Step  might  be  to  compare  die  shock  cpcctrum  values  at  the  fixed-base  natural  frequencies 
of  structures  is  place  during  the  shock  metien  with  the  general  spectrum  levels.  This 
comparison  might  then  allow  the  designer  to  formulate  a  general  spectrum  which  could  be 
useful  in  future  dtsigas.  A_n  attempt  to  do  this  on  an  imaginary  class  ol  structures  sub¬ 
jected  to  the  same  type  of  shock  is  the  subject  of  these  examples. 


EXAMPLE  I 

To  Illustrate  the  difference  between  ordinary  shock  spectra  and  design  shads  spectra 
the  simple  undamped  free-free  structure  of  Fig.  1  was  cbosfn  as  the  first  example  because 
it  Is  a  system  which  can  be  readily  calculated.  Lei  i:„  be  subjected  to  ah  impulse  J0.  If 
\io  is  considered  to  be  the  foundation,  ar.d'S,  is  the  mass  o.  the  equipment  structure,  the 
problem  is.  -What  is  the  design  shock  spectrum  for  the  equipment  run  titling  cl  V,  sad  K?* 

*A  fixed-base  natural  frequency  is  the  frequency  -Wei  vwld  exist  if  Use  foundation  were 
infinitely  stiff  and  heavy.  , 
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Since  the- shock  spectra  under  discussion  are  the  velocity  spectra  meatlcsed  before., 
a  noodlmenslooal  (erst  ot  the  design  shock  spectrum  becomes 


m 


Tide  spectrum  is  seen  to  be  independent  of  frequency,  and  Fij.  £  is  a  plot  wMch  shows  hour 
the  design  shock  spectrum  varies  with  the  mass  ratio.  Figure  2  is  in  err  era!  i.-4  plotted 
in  the  usual  term'd  a  specUcm;  that  is  to  say.  it  is  not  a  plot  o!  2  qaarcay  as  a  Junction 
ot  frequency.  However,  once  the  ntsi  distribution  is  known.  Fig-  2  sw  be  #«s  so  deter— 
mice  the  value  ot  X=/v,  .  which  then  becomes  the  design  value.  Since  each  cl  there  valqe* 
is  independent  d  frequency  the  design  shock  spectra  would  be  a  family  s£  horizontal 
straight  lines  is  the  X=/v  versus  frequency  plane,  one  line  (or  each  mass  ratio. 


rig.  2  -  Variation  of  lie  design  shock  spectrum  wits  ea»« 
ratio  for  the  undamped  free-free  system  cf  Fig.  1 


How  suppose  by  aie2ns  of  the  theoretical  massless  faatcable  oJdihtx.  an  ordinary 
shock  spectrum  vas  obtained  lor  the  motion  of  r,.  The  relative  displacement «( this 
oscillator  times  the  angular  frequency  divided  by  the  initial  velocity  cf  s.  becomes 
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where  -  ?s  the  frequency  c*  the  tuneable  osciHstor  ssdV  i»  the  reJatfrw  tfcepla  cement. 

This  equation  was  derived  by  uotir.g  that  the  tussles*  oecilutcrwiii  aca  aiiect  the  fosntfc- 
Uon  motion,  and  by  solving  the  following  Cuhaiael  Integral: 

«  •  "  . 
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I*  is  of  icaedUlt  interest  to  esaniiae  Eq.  (S)  cktctf.  TSe  otcillatlot  Jaccmpoeed 
^sftiwo  components,  ow  of  freqseocy  p  Uhe  natural  frequency  of  the  system  u  a  whole}, 
ami  ontci  the  freqa ency  -  (Us*  freqstccy  of  the  massless  oscillator).  When  «  trail  a 
■X *  os  cilia  lion  at  frequency  -  {that  is.  the  second  liras  in  £q.  5#  vanishes.  Thai  means 
■•teat  the  massless  oscillator  un«jcr£oc*  the  same  motion  as  the  mass- 1,  .  and  in  this  csss 
ewa  though  the  masaless  oscillator  has  frequency  a,  it  has  no  component  of  frequency  »• 
ax- ass  motion.  It  is  also  sees  that  this  is  the  only  frequency  at  which  this  occurs. 

Since  the  shock  spectrum  is  the  envelop?  of  Eq.  (5).  it  may  be  written  as 
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fur  region  ofvSa,  Eq.  (7)  may  be  written  as 
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‘Scsice  this  Is  a  funcUoa  motx&csIcaUj  increasing  with  < 
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iit{l9Bsj  i>  ^  p,  Eq- (7)  may  be  written  as 
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•Ske^oiots  of  Interest  here  are 
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which  te  always  positive  and  approaches  ♦*  as  »•  -  n.  For  the  rtpon  -  -  r-  Eq.  (7) 
be  written  as 
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The  point*  ot  interest  here  are 
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Kcte  that  although  the  limit  goes  to  1  the  value  Is  always  greater  then  tl  • 

To  show  that  this  is  a  cowtxicjliy  decreasing  function: 

jLJiz)  _ _ 

H*  vJ 

Figure  3  is  a  superposed  plot  of  the  design  shack  spectra  lor  a  specific  mass  ratio, 
and  t>l  ths  theoretical  shoes  spectra  cl  Eq.  P).  obtained  for  the  setae  system.  The  carve 
labeled  F.5.  Is  the  plot  of  the  maximum  value  oi  the  sin  <-t  component  ol  Eq-  (5).  Use 
design  shock  spectrum  is  a  horizostal  line  of  height  flfj/r;)*5,J  ,  while  the  theoretical 
shock  spectrum  for  the  25-tea  obtained  on  the  foundation  15  beiem  the  design  shock 
spectrum  to  frequency  and  then  is  ahrays  stave  it.  It  should  be  sated  that  4?  design 
shoes  spectrum  and  the  theoretical  shock  spectrum  meet  only  at  ace  point,  the  Ilxrd-bose 
natural  frequency  3  of  the  upper  eqaspmeat  system.  This  point  occurs  where  the  coefficient 
of  the  frequency  term  the  massless  oscillator  vanishes  (curve  labeled  F.S.).  In  any 
system  with  uemniag  the  c.fs  peak  would  have  a  limit,  bet  it  could  oe  several  times 
higher  4a  the  fesijc  ■ubt. 

Figure-  <  is  a  plot  cf  two  theoretical  shock  specs -a  for  two  syetems  having  the  same 
mass  ratio.  The  spring  in  the  higher  frequency  system  vras  chosen  in  such  a  fashion  that 
the  fixed-base  rcttcral  frequency  ol  the  simulated  structure  •*',  coincided  withthe  natural 
trequescy  of  the  lower  frequency  system,  p.  The  envelope  line  for  the  two  spectra  is 
marked. 

It  should  be  noted  that  such  a  combinatorial  analysis  would  say  that  it  would  be  neces¬ 
sary  to  use  a  very  large  shock  spectrum  value  for  the  stiffer  system  However,  It  Is 
clearly  evident  that  the  design  spectrum  is  not  this  very  large  value. 

If  many  shocks  were  superposed  la  this  fashion  and  an  envelope  or  high  fiducial  limit 
curve  drawn,  then  it  is  apparent  that  this  would  represent  a  totally  unreasonable  approxi¬ 
mation  to  the  proper  design  shock  spectra. 


EXAMPLE n 

As  *  second  Uicstratioc  cf  the  difference  between  design  shock  spectra  and  ordinary 
shock  spectra  the  system  of  Fig.  S  will  be  discussed.  It  Is  assumed  that  Hj  and  S,  is  the 
foundation  cf  the  ‘equipment*  r,  and  *3  ,  and  that  the  base  of  the  combined  structure  under¬ 
goes  a  step  change  ia  velocity. 
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By  lie  os«il  processes  ttt  upSir  natural  frequencies  can  be  sbenrn  19  be 
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The  solutions  of  this  pair  of  differential  equations  arc 
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To  find  the  dealpi  shock  spectrua,  phase  Is  Is&oeed  sad  this  results  ha 
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which  leads  to  die  final  for* 
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which  is  a  iwadUnesaloasl  deslga  shock  spectres  for  the  eqaiyaer.t  systea,  sad  depends 
«t«o  two  parsrjcterE,  tbs  fru^rscy  ratio  mod  the  mass  ratio. 

TOs  function  Is  jslsftsd  la  Ftj.  •  for  srwral  esloes  of  the  a»ss  ratio  n  *  »yi^- 
Agais  this  Is  not  t*i5b!  csicl farad s desip:  J&si  spectres,  tut  U i fr«p?acr ratio 
awf  a  jrss*  ratio  for  tbc  sysiea  were  selected  this  would  «fci»e  rely  ocs  de.'JprViiae. 
Taitajzia  Is  ttutesaairU  oi  froqaeacjr  sod  would  plot  a*  a  homcoul  li=e  la  a  dtuffs 
■  shock  syoctrasu-  *  ,  -  • 
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It  is  also  important  to  oote  that  the  coefficient  of  the  sin  <Jt  term  in  Eq.  (14)  vanishes 
when-  Figure  S  Is  a  plot  of  a  comparison,  lor  a  system,  between  the  theoretical 
shock  spectrum  and  the  design  shock  spectrum. 

Figure  9  is  a  sketch  of  the  superposition  of  three  abode  spectra  lor  the  same  mass 
and  frequency  ratio:  a  comparison  with  the  design  shock  spectrum  for  this  condition  is 
included.  The  solid  line  is  the  approximation  to  the  design  shock  spectrum  which  would 
be  found  by  an  envelope  type  ol  analysis.  It  is  evident  that  the  over  conservative  assump¬ 
tions  inherent  ia  such  an  analysis  yield  a  spectrum  which  is  in  ao  way  representative  of 
a  design  shock  spectrum,  and  is  extremely  severe. 


EXAMPLE  III 

There  is  an  important  elementary  question  left  to  be  answered  ia  this  simple  treat-  - 
meat  of  the  problem.  Uhat  would  happen  to  the  shock  spectrum  peak  cf  a  system  In  which 
the  fixed-base  natural  frequency  of  the  structure  coincided  with  a  natural  frequency  of  the 
system  as  a  whole?  Consider  Fig.  10,  and  assume  that  a  record  ol  the  motion  of  tj  is 
made  when  the  point  T,  undergoes  a  disturbance.  In  terms  of  the  parameters 


-I 

Xl 

M, 

4 

*a 

xl 

M. 

*»=!!* 

xi 

T 

* 

*1  *3  JX 

«»  *1 


M,  Kj 


Fif  -  10  -  Three  iegree- 

of-freedom  ir»:en 


the  differential  equations  can  be  set  up  for  application  cf  normal-mode  theory  (6)  and  the 
mode  shapes  can  be  written  as 
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Hi-  use  of  an  envelope  (or  high  fiducial  limit)  type  of  analysis  text  to  melts  as 
shown  in  Figs.  4  and  9.  a  false  impression  as  to  the  severity  of  the  shock  for  which 

the  system  .’.wSt  be  designed.  This  happens  because  the  use  of  the  large  peaks  tends  to 
control  the  llnal  position  of  the  curie  in  the  fiducial  limit  type  of  combinatorial  analysis, 
and  it  was  demonstrated  that  these  peaks  at  the  combined  system's  natural  frequencies 
do  wa  cater  into  design  shock  spectrum  considerations.  This  was  shown  to  tic  true  even 
when  the  “equipment'  fixed-base  natural  frequency  coincided  with  2  natural  frequency  of 
the  system  as  a  whole  in  Example  111. 

The  other  major  point  cf  interest  is  that  the  component  o!  response  of  the  massless 
oscillators  at  their  natural  frequency  disappeared  when  it  coincided  w.th  the  fixed-base 
natural  frequency  of  the  equipment  structure.  In  a  fashion  the  plot  of  this  component  is 
akin  to  the  Fourier  spectrum  of  the  foundation  motion,  and  In  the  case  where  the  motion 
ends  in  finite  time,  the  “after  shock  spectrum"  is  truly  the  Fourier  spectrum  of  the 
fcundatioi  velocity  forcing  function. 

Pcrtap**  -his  report  has  raised  more  questions  than  it  has  answered.  However,  the 
p rope:  evat  ration  of  design  shock  spectra  is  of  extreme  importance  and  is  worthy  of 
serious  consideration. 
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